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FURYE QATORI. FURYE QATORI YORDAMIDA BA’ZI SONLI
KETMA-KETLIKLARNING YIG*INDISINI TOPISH METODIKASI
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Guliston Shahridagi Prezident maktabi, Samargand davlat universiteti

Annotatsiya. Ushbu maqola matematikaning eng muhim mavzulari bo‘lgan
Furye gatori va sonli ketma-ketliklar yig‘indisiga doir gizigarli muhim natijalarni
o‘z ichiga olgan. Dastlab Furye gatoriga yoyish tog‘risida malumot keltirilgan va
ba’zi sonli ketma-ketlilar yig‘indisi topilgan. Agar f(x) funksiya [a; b] kesmada
monoton bo‘lsa yoki [a; b] kesmani chekli sondagi gismiy kesmalarga bo‘lish
mumkin bo‘lsa va bu kesmalarning har birida f(x) funksiya monoton (fagat o‘ssa
yoki fagat kamaysa) yoki o‘zgarmas bo‘lsa, f (x) funksiyaga [a; b] kesmada bo‘lakli
monoton funksiya deyiladi. Agar f(x) funksiya [a; b] kesmada chekli sondagi
birinchi tur uzilish nugtalariga ega bo‘lsa, f(x) funksiyaga [a;b] kesmada bo‘lakli-
uzluksiz funksiya deyiladi. Agar f(x) funksiya [a;b] kesmada uzluksiz yoki
bo‘lakli-uzluksiz bo‘lib, bo‘lakli-monoton bo‘lsa f(x) funksiya [a; b] kesmada
Dirixle shartlarini ganoatlantiradi deyiladi. Funksiyalarni Furye gatoriga yoyishda
ular Dirixle shartlarini ganoatlantirishi zarur va yetarli.

Kalit so‘zlar: Furye qatori, Furye koeffitsiyentlari. Funksiyalarni Furye
gatoriga yoyish, sonli ketma-ketliklar va ularning yig‘indisi.

Abstract. This paper contains interesting and important results on Fourier
series and the sum of numerical sequences, which are the most important topics in
mathematics. First, information on Fourier series propagation was given and the sum
of some series of numbers was found. If the function f(x) is monotonic in the
section [a; b] or if the section [a; b] can be divided into a finite number of partial
sections, and in each of these sections the function f(x) is monotone (only increases
or only decreases) or is constant, the function f(x) is called a piecewise monotonic
function on the cross section [a; b]. If the function f(x) has a finite number of
discontinuities of the first type on the section [a; b], then the function f (x) is called
a piecewise-continuous function on the section [a; b]. If the function f(x) is
continuous or piecewise-continuous in the section [a;b], and is piecewise-
monotone, then the function f(x) is said to satisfy the Dirichlet conditions in the
section [a; b]. When expanding functions into a Fourier series, it is necessary and
sufficient that they satisfy the Dirichlet conditions.

Key words: Fourier series, Fourier coefficients. Fourier expansion of
functions, numerical sequences and their sum.

|.Fure qatorlari
Ortogonal ko‘phadlar gatori matematikaning eng muhim sohalaridan biri
bo‘lib, ular turli differensial tenglamalar yechimlari ko‘rinishida bo‘lib, turli
rekkurent munosabatlarga ega hamda funksiyalarni turli ko‘rinishda ifodalashda
foydali hamdir. Ulardan eng muhimlaridan biri Furye gatorlari bo‘lib, funksiyani
ortonormal triganometrik ko‘phadlar ko‘rinishida ifodalashdir. Agar y = f(x)
funksiya uzunligi 27 ga teng (—m, ) oraligda Dirixle shartlarini ganoatlantirsa, u
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holda bu oraligning f (x) uzluksiz bo‘lgan har ganday x nuqtasida funksiyani Furye
triganometrik gatoriga yoyish mumkin, ya’ni

a
fx) = 70 + Z(an cosnx + b, sinnx) (1)
n=1
bu yerda a,, b,,-Furye koeffitsentlari bo‘lib, ular quyidagi formulalar bo‘yicha
olinadi

a, = % ff(x) cosnxdx (n=0,12,..), (2)
b,, =% jf(x) sinnxdx (n=0,12,..), (3)

1 T
a =~ j F@dx. (&)

Agar x, € (—m, ) nuqta f(x) fanksiyaning uzilish nugtasi bo‘lsa, Furye qgatori
yig‘indisi S(x) funksiyaning chap va o‘ng limitlari o‘rta arifmetigiga teng bo‘ladi

r . .
S =3[ lm G0+ lim £
Oralig chegaralarida

S(n) = S(-) =1[ lim f(x)+ lim f0)] (5)
2 Lxo>—m+0 x->1T—0

Toqg funksiyalar uchun a,, = 0 bo‘lib Furye yig‘indisi fagat sinuslarda, juft
funksiyalar uchun esa b, = 0 bo‘lib Furye yig‘indisi fagat kosinuslarda iborat
bo‘ladi.

I1. Juft funksiyalarning Furye yoyilmasi yordamida ba’zi gatorlar
yig‘indisini hisoblash metodikasi

Tog funksiyalar Dirixle shartlarini ganoatlantirsa (5) ga muvofig soha
chegaralarida nolga teng bo‘ladi. Shuning uchun biz juft funksiyalar gatorini
garaymiz va ba’zi juft funksiyalarni (—m, ) ogaligda Furye gatorlarini keltirib, unga
mos qator yig‘indisini soha chegaralarida hisoblaymiz.

1) y = x? funksiya. (2) formulaga ko‘ra a,, ni topamiz va Furye qatorlarini
hosil gilamiz

cosnx
2

f(x) =x*= %+ 42(—1)”
n=1

Ushbu tenglikning ikkala tomoniga x = m yoki x = —m almashtirish bajaramiz
va cosnx = (—1)™ ekanligini hisobga olib quyidagi natijaga kelamiz
-1 72
n=1 F ) ?
Hagigatdan ham hisoblashlarning ko‘rsatishicha 72/6 =~ 1.6449 va 1/n?
gatorning dastlabki mingta hadining yig‘indisi = 1.64393 ga teng. Ushbu natija

{(2) ning giymatini ifodalaydi (ilovaga garang).

n
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2) y = cos ax funksiya, bu yerda o & N.

sinam |1 1 1
cosax = —+ Z(—l)" ( + ) COS Nx
To|e & a+n a—n

Yugoridagi kabi almashtrishlardan keyin

sin ar [1 =1 1
T (04 a+n a—n
n=1

cos am =

Demak

(00]

1 1 T
;nz —a? 2a? 2atanan
Ushbu ifoda yordamida a ning xussusiy natural bo‘Imagan giymatlarida kerakli
yig‘indini olishdan tashqari
_ 1 4 -1 2
(111_% <2a2 "~ 2atan cm) - n=1ﬁ 6

Qo‘shimcha natijaga ham ega bo‘lamiz
3)y = x* funksiya

,  m = mn? —6

X =—+82(—1)"—cosnx
5 ] n*
n=

x = m almashtirish bajaramiz va yuqoriagi 1/n? hadlar yig‘indisidan
foydalanamiz

n* 6 4in? 60 36 60 90

n=1 n=1
Ushbu natija {(4) ning giymatini ifodalaydi (ilovaga garang).
4) y = cosh x funksiya

h _sinhn 1+2§:( D 1
coshx = - nz_l_lcosnx
n

=1

Yana x = m almashtirishdan keyin

=1 1
an 1 =§(ncoth7t—1)

n=1

5)y = |x| funksiya

I l_n+2§:(—1)n—1
X —-2 - nz cosSnx
n=1

Bundan
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2

zl—(l)" Z(Zn—l)z 4

n=1
Yugoridagi natijalardan foydalanib
it 2 2 2

(—1)”_5:1 n? nw? m i

n2

n2 4 6 4 12
n=1 n=1

Ushbu tengliklar asosida quyidagi natijaga ham ega bo‘lamiz
d 2

DN eren
On—12_ 8
] (2n—-1) 8

I11. Juft bo‘lmagan funksiyalar yordamida ba’zi qatorlar yig‘indisini
topish metodikasi
Tog bo‘lmagan funsiyalarning ham (—m, ) oraligdagi Furye gatorlari ba’zi
natijalarga olib kelishi mumkin
_(—2,agar —m < x < 0bo'lsa
6)f(x) _{ 1, agar0<x<7rbols

fx) = ————Z( 1)n_lsmnx———+ ZZ sm(Zn—l)x

Agar x =m/2 yok| x = —m/2 almashtirish bajarsak quyidagi Leybnits
formulasiga (ilovaga garang) kelamiz
d (_1)n+1 B T
Lioan-1 4
Eslatish joizki ushbu natijani biror toq funksiya yoyilmasidan ham hosil gilish
mumkin (masalan y = x funksiyaning (—m, ) oraligdagi yoyilmasi)
7)y = x3 toq funksiyaning Furye yoyilmasini garaymiz. Funksiya toq
bo‘lganligini uchun to‘g‘ridan-to* '8 ‘ri b, ni (3) fo‘rmuladan foydalanib hisoblaymiz

ZZ (———)( 1)" sin nx

x = 1 /2 almashtirishdan keyln quyidagi natijaga ega bo‘lamiz
* 2 3

T 6 N T
z<2n—1_(2n—1)3)( D = " 16

n=1
va Leybnits formulasidan foydalanamiz
x (—D)n+1 g2 d (—D)™1 g3 g3 3 7.[3

(2n—1)3° 64s2n—1 96 24 96 32
=1 n=1

funksiyani gqaraymiz.

V1. Xulosa
Yuqoridagi natijalar albatta avvaldan mavjud bo‘lgan natijalarni takrori bo‘lib
ammo, ba’zi qatorlar yig‘indisini Furye yoyilmasi yordamida osonroq topish
mumkinligini ko‘rsatadi. Boshqga biror funksiyani Furye gatoriga yoyish yana ushbu
natijalarga olib kelishini ko‘rsatadi. Ammo bu usulda gator yig‘indisini topish
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boshga usullarga garaganda bir muncha osonroq hisoblanadi. Ushbu masalalar
garmonik gator yig‘indisini topishga urinishlardan biri sifatida ham garash mumkin.
Garmonik gator yig‘indisi deb

S—il—1+1+1+
Lun 2 3
n=1

yig‘indiga aytiladi. Ko‘plab fizik va matematik masalalar ushbu yig‘indini
topishga keltirilgani uchun taxminan XII asrlardan buyon ko‘plab matematiklar
tomonidan ushbu yig‘indini topishga harakatlar bo‘lgan. Bu yig‘indining gismiy
yig‘indisi sifatida 6-masala natijasini garash mumkin. Qismiy yig‘indining chekli
ekanligidan, yig‘indining o‘zi ham cheklidek ko‘rnishi mumkin. Ammo ko‘plab
natijalar garmonik qator yig‘indisi cheksiz ekanligini tasdiglaydi. Masalan
In(1 — x) funksiyaning x, = 0 nuqgtadagi darajali gatorini olaylik

ushbu tenglikning ikkala tomonida x = 1 almashtirish

1
Z—=—1n0—>oo
n

n=1
ekanligini ko‘rsatadi.
V. llova
1. Riman zeta funksiyasi deb, hagigiy qgismi birdan katta bo‘lgan s kompleks
son uchun quyidagi yaginlashuvchi va cheksiz ketma-ketlik yig‘indisiga aytiladi

(=YL
n=1

1730-yilda Leonard Eyler tomonidan s > 1 ning haqiqiy giymatlari uchun
yig‘indini hisoblash formulasi topilgan. Bundan tashqari Eyler formulasi s =
2n,n € N hol uchun qulay modifikatsiya gilingan.
2. Yuqorida ta’kidlaganimizdek Leybnits formulasi garmonik qator
yig‘indisining qismiy yig‘indisi hisoblanadi. Leybnits formulasi
(—1)"“_1 1+1 1+ m
2n—-1 ~ 3 5 7 4

n=1

ko‘rinishda bo‘lib birinchi marta rr sonini hisoblash uchun 1673-yilda Jeyms
Grigoriy va Leybnits tomonidan arctanx funksiyaning darajali gatorga yoyish
orgali topilgan.
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